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Abstract 

In this paper we introduce the notion of weighted (weakly) almost 
periodic compactification of a semitopological semigroup and generalize 
this notion to corresponding notion for transformation semigroup. The 
inclusion relation and equality of some well-known function spaces on a 
weighted transformation semigroup is also investigated. 
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Introduction 

Let be a weight on a semitopological semigroup X with identity e and S 
be a semigroup. The pair (5*, X) is semitopological transformation semigroup 
and AP{X) 

(WAP{X)) is denoted almost periodic (weakly almost periodic) function space. 
For a topological group G. 

Burckel proved that G is compact if and only if bounded continuous func- 
tions on G are weakly almost periodic [2]. Granirer improved the result to G 
is compact if and only if all the bounded uniformly continuous functions on 
G are weakly almost periodic [5]. Dzinotyiweyi proved a same result for very 
large class of topological semigroup. H. D. Junghenn generalize the notion of 
(weakly) almost periodic compactificatin of semitopological semigroup to the 
corresponding notion for transformation semigroup and show that if S has a 
(weakly) almost periodic compactification then (S*, X) has a (weakly) almost 
periodic compactification [8]. 

A. Rejali gave a modification of definition of weighted (weakly) almost 
periodic function spaces and proved that AP{G,uj) = C{G,uj) when G is 
compact group [12]. 
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The organization of this paper is as follows. 
In section 1 we introduce preliminaries and some definition. 
In section 2 we generalize definition of (weakly) almost periodic function space 
in [12] and introduce weighted transformation functions spaces on weighted 
transformation semigroup and prove that each function in C(X, a;) is almost 
periodic if S and X are compact. 

Also we show that whenever a member of C(X,u!) or WAP(X,u) belong to 
AP{X,uj). We will give examples of the weighted semitopological transforma- 
tion semigroup and study the equicontiniuty of this function spaces. 

In section 3 we introduce a notion of weighted transformation compactifica- 
tion and finally we give the main result of the paper which states; each weakly 
almost periodic function on X with respect to S is left norm continuous. 

1 Preliminaries 

Let {S, X, cu) be a weighted transformation semigroup in which 5" is a 
semigroup and uj is a weight on X .{u : X — > M"*" is called a weight on X if 
uj{xy) < u!{x)u!{y) x,y & X and u!,u!~^ are bounded on compact subsets of 
X). 

A map (s, x) — > sx : S x X — > X is called the action of S on X if 
s{tx) = {st)x. For all s,t E S ,xEX. 

If T is a subsemigroup of S and y is a T- invariant subset of X, i.e. 
TY ^ {ty: t e T,y e Y} C Y. Then (T, Y, lo) is called a sub-transformation 
semigroup of {S, X, cu) . 

For topological spaces S and X , (T, Y, uj) is dense in (S, X, uj) if T and 
Y are dense in S and X respectively. C{X) is the C*-algebra of bounded 
continuous real-valued function on X with supnorm. 

If ^ is a C*-subalgebra of C{X) then X-^ denotes the spectrum of J-' (the 
set of all multiplicative means onjF) which is u* -compact in JF* 

The evaluation map e : X — )■ X-^ with a;*-dense image is defined by 
e{x){f)^f{x)forxeX, f e 

For s,t E S and x E X, define : S — > S and pt : S — > S by 
^s(t) = st = pf(s).Also As : X — > X and : S — > X by Xs{x) = Px{s) = sx. 
These maps are called translation maps. 

{S, X, Lu) is left topological if S and X are topological space and A^, A^ are 
continuous for all s & S, right topological if ps and px are continuous for all 
s E S,x e X, and semitopological if it is both left and right topological. 
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A semitopological semigroup S is topologically right (left) simple if for each 
s G S; sS (Ss) is dense in S. 

{S, X, uj) is called topological if the multiplication in S and the action of S on 
X are continuous. 

If there is a separately (jointly) continuous action of a semitopological 
(topological) group S with identity e on a topological space X and ex — 
X for all X e X, then ,(S,X,u;) is called a semitopological(resp.topological) 

transformation group. 

(S, X, u) is said to be compact if so are S and X. We put , 
L, = (A,)* and i?, = (p,)* on C(S). L, = (A,)* and = {p^f on C(X)^ 
where (As)*is dual of (A^) and (p^)* is dual of ps- clearly Lgt = LgLt and 
Rsx — RsRx ^-iid LgRx = RxLs 

A subset T of C(S) is called translation invariant if LsT\} RgT C T for 
seS. 

Let A = {fa : a G /} be a family of real functions on topological space X. 
A is called equcontinuous if for every e > and xq E X there exit a neighbor- 
hood N of xq such that \fa{x) — fa{xo)\ < s, for every x E N and a G /. 
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2 Weighted Function Spaces 

Definition 2.1 Let {S,X,uj) be a weighted semitopological transformation 
semigroup, and e be the identity of X. Then: 

for weight a;, put Q : X x X — > (0, 1] defined Q{x, y) = ^j^^ and ,0 : 
X — > (0, 1] by s^{x) — fl{sex, x) and Qj; : S — > (0, 1] by flxis) — f^iscx, x). 

Notation: Always assume that fl is separately continuous and we will use 
from sf, fx instead of Lsf and Rx- 

Now we introduce some weight function spaces. 

C{X,u;)^{f eC{X):^eC{X)} 

and for every / e C(X, a;) define: 

ll/IU - sup{\l^ -.xex}. 

LsJ = {s{ii)s^ -seS} and RsJ' = {(i).l^. : x e X} 

AP{X,uj) = {/ G C{X,uj) : {Ls{^)s^ : s e 5} is relatively compact in norm 
topology on C{X) } 

WAP{X,uj) = {/ e C{X,uj) : {Ls{^^)sVt : s e 5"} is relatively compact in 
weak topology on C{X)} 

LUC{X,uj) = {/ e C{X,uj) :The map s — > : S — > C{X) is norm 

continuous} 

RUC{X,iu) = {/ e C{X,u;) :The map x — > Rx{i)^x ■ X — > C{S) is norm 
continuous} 

Proposition 2.2 Let f e C{X,lu). Then f G AP{X,uj) (WAP{X,u;) ) if 
^u^ie) ■ ^ ^ 'S'}z5 relatively (weakly) compact in C{X,uj). 

Proof. 

Let xeX. Then : 

Oi) uj[sx) u{sx) u}[se)LJ[x) Lj{se)LJ[x) Lj{se)(jj 



therefore: 



s 



UJ uj{se)uj 
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and so if / G C{X,uj) then: 

/ e AP{X,u;) {resp WAP{X,uj)) if : s e S} is relatively (weak) compact 

inC(X,a;). 

Example 2.3 If 5" be a right zero semigroup and S — X then AP{X, lo) — 
C{X,u;). 

Example 2.4 let {S, X, u) be a weighted semitopological transformation semi- 
group and a; be a multiplicative weight on X i.e {w{xy) = u!{x)uj{y),x, y e X). 
Then AP{X,uj) = AP{X) and WAP{X,uj) = WAP{X). 

Remcirk 2.5 All of these function spaces are translation invariant C*- sub- 
algebras of C{X,u!) containing the constant function and clearly AP{X,u!) C 
WAP{X,Lu). 

Lemma 2.6 Let {S, X, uj) be a weighted semitopological transformation semi- 
group. Then: 

1) If{S,X,uj) is compact, then WAP{X,uj) = C{X,uj). 

2) If {S,X,uj) is a compact, then AP(X,Iju) — C{X,uj). 

3) If f e WAP{X,iu), then the map s — : S — > WAP{X,u;) is 

continuous in the weak topology. 

4) If f e WAP{X,u), then the map s — : S — > AP{X,u) is 
continuous in the norm topology. 

we prove that only 1 and 3. The proofs of 2 and 4 are similar. 
Proof. 

1) Let {S^X^uo) be compact and / G C(X, cj), since the map 
s — >s (5)s^ is pointwisc continuous , : s G S*} is compact in the 

pointwise topology of C(X) ,and since this topology agrees with the weak topol- 
ogy on norm bounded pointwise compact of C{X,oj) ([8]). {s{^)s^ : s E S} \s 
relatively weakly compact, therefore / G Vl^AP(X, a;). 

3) Let (sq,) a net in S and converges to s. since / G WAP{X,uj) then 
{s(£)s^ : s G 5"} is relatively weakly compact therefore has unique 

weak limit point in C{X). Therefore s„(£)sa^ — (£)s^ 

Proposition 2.7 Let (5, X.a;) he a weighted semitopological transformation 
semigroup. Then: 

1 ) AP{X, uj) C LUC{X, cu) n RUC{X, cu) 

2) IfS(X) is compact, then AP{X,uj) = LUC{X,uj) ( RUC{X,u). 
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3) If{S,X,u) IS compact, then AP{X,uj) = LUC{X,u) = RUC{X,uj). 

4) If {S,X,uj) is compact and topological then AP{X,u!) = LUC{X,u!) — 
RUc\x,uj) = WAP{X,uj) = C{X,u;). 

5) If S (X) is compact and Hausdorff, then 

C{X,uj) = RUC{X,uj) ( LUC{X,uj)) 

if and only if the action of S on X is (jointly) continuous . 

6) If (5*, X, cu) is compact and Hausdorff, then LUC{X,uj) ~ RUC{X,uj) ~ 
C{X,u!) if and only if the action of S on X is continuous. 

Proof. 

1) If f ^ AP{X, u) then the map s — >s (-)s^ is continuous by [3]. Therefore 

feLUC{X,uj). 

Now if / G RUC{X,u) the map x — > is continuous. Let U{x) — 

and V{s) =s {{j)s^ for a; e 1,5 e S. Obviously {V{s)){x) = 
{U{x)){s). Therefore / e RUC{X,u;), hence 
AP{X, uj) = LUC{X, uj) fl RUC{X, cu). 

2) Let S be compact semigroup and / e LUC{X,u;). Then the map s — 

is continuous. Therefore {s{^)s^ : s & S} is compact (since S is com- 
pact) so / G AP{X,u;). 

Note that if X is compact, then the proof is similar. 

3) lt follows from (2) and (1 lemme 2.6) 

4) lt follows from (3) and (2 lemme 2.6) 

5^ we note that the action of S on X is continuous if and only if for / e C (X, u) 
the map (s, x) — > f{sx) : S x X — > R is continuous (App. B 3 of [1]). This 
equivalent to norm continuity the map x — > {^)x^x, when S is compact. 
6) If {S,X,u;) is compact, Then by (1) lemma 2.6 and 3 proof is obviously. 

Proposition 2.8 Let {S,X,uj) be a weighted semitopological transformation 
semigroup and f G C{X,u). Then: 

1) f & RUC{X,uj) if and only if Lg^f is equicontinuous. 

2) f G LUC{X,uj) if and only if Rs^f is equicontinuous. 
Proof. 

1) Let / G RUC{X,uj), Then the map x — > {{j)x^x ■ X — > C{S) is norm 
continuous. Hence for every e > and Xq G X there is a neghborhood N of 
Xq such that for every a; G X; ||(£)3.r2a. — (£)2.„f22.„ || < e. Hence for every 
seS I f^{sx)n^{s) - i^{sxQ)VL:,^{s) |< e and so |, (^)^fi(a;) (£)^r2(a;o) |< e. 
Hence Lg^f is equicontinuous. The Converse is clear and the proof of 2 is 
simillar. 
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Corollary 2.9 l)If S is compact then for every f e AP{X,u!) the set Rs^f 

is equicontinuous. 

2)If X is compact then for every f G AP{X,uj), Ls^f is aquicontinuous. 
Proof. By Proposition (2.7) and Proposition (2.8) is immediate. 

Definition 2.10 A weighted homomorphism of a weighted semitopological 
transformation semigroup (S*, X, c<Ji) into a weighted semitopological transfor- 
mation semigroup (T, F, UJ2) is a pair (cr, 77), where a : S — > T is a continuous 
homomorphism and 77 : X — > y is a continuous homomorphism such that 
r]{sx) — a{s)r]{x) ior x & X and s & S. and UJ20 r] — uji. 

Remcirk 2.11 Let (cr, rj) be a homomorphism of [S, X, loi) into (T, Y, LO2). Let 
/ e C(y, uj2),s e S m\dx e X. Then : 

1) s{^){x) = mi;){sx)) Hi;Xsx) = {i^){a{sUx)) = 
<s){i;)or]{x) = r]*{a{s){ii)){x), and so : 

UJl LO2 

2) 

Lemma 2.12 Let (cr, rj) he a homomorphism of {S, X, uji) into (T, Y, UJ2) • where 
uj2or] — UJl. Then: 

7]*{WAP{Y,uj2)) C WAP{X,uJi)nri*iCiY,LU2)) 

and equality is hold if r]{X) is dense in Y and cr(5') is dense in T. 
Proof. 

Let / e WAP{Y,uj2) and A = {..(^)..1^2 : s e S}. 

Then r]*{A) is relatively weakly compact, and by remark (2.12) ri*{f) e 
WAP{X,ui). Since r]*{f) e ri*{C{Y,U2)). Therefore 

7]* if) e WAP{X,u;,)nrj*{C{Y,u;2)). 



Now if r7(X) and cr(5') are dense in Y and T, respectively, then rj is an 
isometry and by remark (2.12) {r]*)-^{cl{B)) = cl{A) (1) 

/ 

where B = {^(5)( — )a{s)^i : s e S.} 

Let g e iyAP(X,u;i)nr7*(C(F,a;2). Then {7]*)-\g) G C(Y", a;2) and by remark 
(1.7) and (1) {r]*)~\9) e WAP{Y,uj2) and y = V*{v*)~\9) e W^>1P(1', a;2). 
Hence equahty is hold. 
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3 Weighted Transformation Compactification 

Definition 3.1 Let {S,X,uj) be a weighted transformation semitopological 
semigroup and {T,Y,0) be a compact Hausdorff right topological weighted 
semigroup. Further (0, •0) : {S, X, u) — (T, Y, O) be a continuous homomor- 
phism such that 0(5') and ip{S) are dense semitopological sub transformation 
semigroup of T and Y respectively. Then {{(/), ip), [T,Y,u})) is called weighted 
transformation compactification of {S, X.uj). 

If {{(t),ip), {T,Y,uj)) and ((0', ■?/''), {T\Y' .uo')) are two weighted transformation 
compactification of (5, X, u) and (tt, 7) : (T, F, a;) — > (T', F , a;') is a continu- 
ous homomorphism of (T, Y, u) onto (T"', y', a;'), we say that ((0, ■0), (7", <^)) 
is an extension of (7" , 

Let (yS, X, uj) be a weighted transformation semitopological semigroup and 
P be a property of compactification of ((0, ip), (T, F, a')).Then a P-compactification 
of {S, X, cj) is a compactification of (S*, X, a;) that has the given property P. 

If a P-compactification of {S, X, a;) that is extension of each other P- 
compactifica- 

tion of (5", X, a;) is called universal P-compactification. 

Remark 3.2 If {{(f), il)), (T, F, a;)) is a weighted transformation compactifica- 
tion of (S", X, a;), then ip*{Cu) — cu. 

Example 3.3 For a weighted transformation semitopological semigroup {S,X,u!) 
{{e, 5){S^'^^'^^\ X^'^^^-^'^\uj) is a universal semitopological compactification 
of {SjXjCu), where e and 5 are evaluation map on C{S) and C(X, a;) respec- 
tively. 

Example 3.4 Let {S,X,uj) be a semitopological semigroup where S = X 
and e be the identity of X. Further let M be clousure of e in X, then M is a 
closed congruence subsemigroup of X (5.4 of [6] and (1.24) of [1]). Put H = ^. 
Hence H is a Hausdorff topological semigroup. Suppose that tt : X — > H 
denotes canonical homomorphism. For each / e C{X,uj) define g e C{H,ijj) 
by g{T^{x)) — f{x). Since / is constant on H Then g is well-defined and hence 
g G C{H,uj). Thus tt* : C{H,iJj) — > C{X,uj) is an isometric isomorphism of 
C{H,uj) on C{X,u). 

Therefore n*{R^^x)g) = Rsf and it follows %* {W AP {H , cu)) = WAP{X,u;) 
and if WAP{X,(jj) = C{X,u;), then WAP{H,u) = C{H,u;) 

Lemma 3.5 Let {S, X, cu) be a compact Hausdorff weighted semitopological 
transformation semigroup and T — {t & S : tS — S, tX — X} be a dense 
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subsemigroup of S. Then for each f E C{X,uj) the map s — {{j)s^ '■ S — 

C{X) is norm continuous at each point ofT. 

Proof. 

Let f e C{X, tu). By (App. Bl of [1]); there is sq E S such that the function 
(s, x) — > ^(sa;) : S xX — > R is jointly continuous at each point of {sq} x X. 
Further By (App.B3 of [1]) the set 

N^{seS: |U^)-.o All<|} 

for every e > is a neighborhood of Sq. 

Let to E T he arbitrary,thcn by definition of T there exist Uq E S such that 
toUQ = Sq. Since T is dense in S and sqS = S, then toT is dense in S. 
Now chooses t E T such that tot E N and put V = p^^{N). Then V is a 
neighborhood of to- For every s eV we have : 

-to (f)ll = sup^ex\{j{sx) - {;;{tox)\ = sup^ex\^{stx) - ^{totx)\ < 
\\stii)-touoii)\\ + \\touoi{j)-tot{{j)\\ < f + f = e. since So = huo andst,tot E N. 
Therefore the map s — >s (^)s^ '■ S — > C{X) is norm continuous at to- 

Corollary 3.6 If {S, X, uj) is a compact Hausdorff weighted semitopological 
transformation semigroup and T = {t E S : tS = S,tX = X} be a dense 
subsemigroup of 5, then (T, X, u) is a topological transformation subsemigroup 
of {S, X,uj). 

Definition 3.7 Let {S,X,u;) be weighted transformation semigroup. Then 
S acts surjectively (resp. topologically surjectively ) on X if for every s E S 
have sX — X. (resp. sX is dense in X.) 



We now state the main result of this paper. 

Theorem 3.8 For weight transformation semigroup {S, X, cu) ; if S is topolog- 
ically right simple and acts topologically surjective on X, then WAP{X,u!) C 
LUC{X,u). 
Proof. 

Let((e, (5), (T, y, cJ)) denotes the universal semitopological compactification of 
{S, X, uj); where e, S are evaluation map on S and X respectively. 
Put: Ti = {t E T : tT ^ T,tY = Y}. Then Ti is a subsemi- 

group of T contains e{S) and by lemma [3.6]; for each / E C{Y,uj) the map 
t(^) : T — > C{Y) is norm continuous at each point of e{S). 
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For s e S and / e C( Y, cu) we have: 



where 5* : C{Y, cj) 
XWAP_ Therefore 




WAP{X,uj) = 5*{C{Y, ZJ)) C LUC{X,uj). 



Corollairy 3.9 If {S, X, u) is a weighted transformation group, then : 

WAP{X,uj) C LUC{X,uj) 

Proof. 

Since {S,X,uj) is weighted transformation group by 1.1.17 of [1]; S is left 
simple and right simple. 

Let e be the identity of S. For s E S and x E X we have: x = ex = ss~^x e SX 
and so sX — X. By theorem 3.8 the proof is obviously. 

The following example show that the condition of above theorem is necessary. 

Example 3.10 If 5* = (N, +), X = (Q, +), uj{x) = and suppose that action 
oiSonX is {s,x) — >s + x. Then WAP{X,uj) g LUC{X,uj). Since by 4.19 
of [1], there exist /o G WAP{X) such that /o ^ LUC{X). Now assume that 
/ = fouj. Therefore / e WAP{X,uj) but / ^ LUC{X,u). 
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